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CONJUGATE DIRECTIONS ON A HYPERSURFACE IN A SPACE OF FOUR 
DIMENSIONS AND SOME ALLIED CURVES. 

By C. L. E. Moore. 

Introduction. — On a surface in a space of three dimensions the Une join- 
ing two infinitely near points (xi, x^, Xz, x^, {xi + dxi, x^ + dxi- ■ •), or 
as we shall say for brevity the points x and x + dx, and the Une of inter- 
section of the planes tangent to the surface at these two points define 
what are called conjugate directions. The correspondence between these 
lines is projective and the coincident or self-corresponding elements define 
the principal or asymptotic directions. This is one of the most important 
topics in differential geometry. 

The idea of conjugate directions has been somewhat generalized by 
Segre.* He studied the correspondence between the planes determined 
by the fixed point x and the two neighboring points x + dx, x + 2dx + d^x 
(dx and d^x are variable) and the point of intersection of the planes tangent 
to the surface at these points. 

It is the object of the present paper to study the two corresponding 
problems for hypersurfaces in space of four dimensions. In each case we 
have a line-plane correspondence, which possesses properties similar to 
those for space of three dimensions. The correspondence between the 
planes determined by the fixed point x and the points x + dx, x+2dx+d^x 
and the line of intersection of the plane spaces tangent to the hypersurface 
at these three points forms the extension of Segre's problem. This cor- 
respondence is (1, 1). The correspondence between the plane S3 de- 
termined by four infinitely near points and the point of intersection of the 
tangent spaces to the hypersurface at these points is (», w) and therefore 
is not discussed. Here four infinitely near points uniquely determine a 
single point of intersection of the tangent spaces but the same S3 is deter- 
mined by any four infinitely near points lying on the surface of inter- 
section of the hypersurface with this S3. 

I. Conjugate Directions. — The tangent lines at a point x to a hj^^er- 
surf ace in a space of four dimensions S^ will generate a tangent hyperplane 
ITS. Two successive tangent hyperplanes will intersect in a plane which is 
tangent to the hypersurface at x, that is, the plane will contain a pencil of 

* Complementi alia theoria delle tangent! coniugati di una superficie. Rendiconti dei 
Lincei, vol. XVII, page 405. 
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90 C. L. E. MOORE. 

tangent lines passing through x. The common plane and the line joining 
the points of contact of two successive tangent hyperplanes are said to be 
conjugate. If we consider the hypersurface as the envelope of its tangent 
hyperplanes, the tangent 713 at the point x and the tangent irs at the infinitely 
near point x + dx can be taken as the hyperplanes ^ and ^ + S^ where the 
equation of the hyperplane is SJa; = 0. If we consider a direction as defined 
by two infinitely near elements, whether points or hyperplanes, the two 
hj'perplanes | and ^ + Si will define a direction among the 00' hyperplanes 
tangent to the hypersurface V3. Then we will say that the directions x, 
X + dx and ^,^ + 8^ are conjugate. This agrees with the general conception 
of conjugate directions on a surface in an ordinarj^ space S3. 

We saw that the common plane to two consecutive hyperplanes contains 
a pencil of lines (directions) through the point 0. There we can look upon 
the line joining the points of contact as conjugate to this whole pencil of 
directions. This correspondence between the tangent lines and the tan- 
gent planes is a (1, 1) correspondence. In fact, it is a polar reciprocation as 
can be shown as follows. 

Let the equations of the hypersurface V3 be 

(F) Xi = Xi{ui, Ui, U3) (t = 1, 2, 3, 4, 5). 

Now if we consider the «'s as functions of a single variable t, Xi will describe 
a curve on V3 passing through the point whose coordinates are (xi, X2, X3, 
Xi, Xs) say. The tangent line to this curve will join x to x + dx. On the 
other hand if we consider V3 as the envelope of its tangent hyperplanes then 
its equations are 
{E) ii = Uui, Ui, U3) (i = 1, 2, 3, 4, 5). 

In these equations (F) and (E) if we give any definite set of values to the u's 
the equation (F) will give the point of contact of the hyperplane (E). If 
the u's in (E) are the same functions of t as above, the hyperplanes (E) will 
be tangent to V3 in the points of the above curve. Two successive tangent 
hyperplanes will intersect in a tangent plane and the correspondence sought 
is that between these planes and the tangent lines to the curve at the point 
of contact of the plane. 

Consider the two hyperplanes obtained by giving to the parameters the 
values u and u + du. These same values of the parameters put in equa- 
tions (F) will give the points of contact of the two hyperplanes. Then on 
V3 the direction determined by 5m, is the direction of the line joining the 
points of contact of the two hyperplanes. The equations of the two hyper- 
planes are 

(1) (?, x) = 0, (i + 5J, x) = 0, 

where 
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(^, x) = S?.a;.- = $1X1 + ^22:2 + ^3X3 + ?4X4 + ^iXi. 

The second of equations (1) can be replaced, in consequence of the first, by 

(S^, x) = 0. 

The condition that this hyperplane should contain the point x + dx, since 
it already contains the point x is 

(5|, dx) = 0. 

The directions du are then the directions conjugate to the directions 5m. 
All the directions du which are conjugate to du form the plane of intersection 
of the two hyperplanes ? and ? + 5$. The above relation may be put in the 
form 

or 

The tangent hyperplane is determined by the points 

(3) (,.) = 0, (.|;) = 0. (.^)=0, (.,fj = 

(here the points are represented as the envelope of the hyperplanes which 
pass through them). Differentiating equations (3) except the first and 
remembering that both the |'s and the x's are functions of the u's, we have 

Substituting the values of ( — , -: — ) from these equations in (2), we have 

or in still simpler form 

Eliminating $ between (3) and (4) we have 
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(5) 



dXi dXi dXi d^Xi 

dUi dUi dUs dUidUj ' 



Xi 



dX2 
dUi 




= 0. 



In this equation 5m and du appear symmetrically and therefore the 
correspondence between the planes defined bj'' 8u and the lines defined 
bj' du is symmetric. 

When Su = du, we have 



(5') 



dXi dXi dXi d^Xi , , 

Xi T— T— TT 2 - — r— dUidUj 
i dUi dUi dU\ dUidUj 



= 0. 



This new equation defines a quadric cone of directions in the tangent xs. 
The planes corresponding to the lines of this cone will contain their cor- 
responding Une and are tangent planes to the cone. The plane corre- 
sponding to any line (direction) through the vertex of the cone is the polar 
reciprocal of the line with respect to the cone. These properties can be 
most easily seen by cutting tts by an Ss which does not pass through x. 
Then in the plane of intersection SUi may be considered as the coordinates 
of a hne and dUi as the coordinates of a point. Equation (5) defines a 
polar reciprocation from which the above statements follow if we replace 
lines of (5') by points of a conic and planes tangent to (5') by lines tangent 
to the conic ecc. 

The tangents to the directions defined by the cone (5') will envelope 
curves on Va which have the following properties: 

(1) The osculating planes to such a curve are tangent* to Vz. 

(2) The tangents to these curves have three point contact with the hyper- 
surface. 

In order to establish these theorems we consider three infinitely near 
points of the hypersurface which we shall represent in hyperplanar co- 
ordinates.! The expression 

* A plane is said to be tangent to a hypersurface if it lies in the tangent hyperplane and passes 
through the point of contact. 

t See Segre: Su una classa di Superficie ecc. Atti di Torino, 1907. 
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/ = a, X) 

will be taken to represent the point x. The quantities f are hyperplanar 
coordinates and are not functions of Ui, u^, Ug. With this notation the 
three points infinitely near are 

(6) / = (?, X) = 0, 

(7) fidui + fiduz + fzduz = 0, 

1,2,3 3 

(8) Z fikduidu„ + Z Ud^Ui = 

ik 1 

where 

The tangent its is determined by the points 

/ = 0, /i = 0, /. = 0, /3 = 0. 

Points (6) and (7) already lie in this tz and we see that (8) is a point on 
the line joining 

■SfijdUidUj = 0, S/id^Mi = 0, 

the second of which we see always lies in the tangent -rz. Hence the plane 
determined by (6), (7), (8) will lie in the tangent ttz if the five points 

(T) / = 0, /i = 0, /2 = 0, fz = 0, xUduidu, = 

lie in this irj. This condition is exactly equation (5'). Hence 

Through each point of Vz pass oo' curves for each of which the osculating 
plane is tangent to Vz. 

To prove the second property, that is, that tangents to these curves 
have three point contact with Vz we will investigate the condition in order 
that the three points (6), (7), (8) lie in the same line. It will be necessary 
to show that if these three points lie in a line the five points (T) will lie 
in a ^3 and conversely if the five points (T) lie in a irz (6), (7), (8) are col- 
linear. The first is established as follows. (8) represents a point on the 
line joining the two points "Zfikduiduk = 0, "Sfid^ut = 0. This second 
point is some point of the plane determined by fi—fi=fz = 0. The 
point (7) is also a point of this plane. Then the line joining (7) and (8) 
must lie in the Sz determined by the four points "ZfikdUiduk = 0, /i = 0, 
/z = 0) /3 = 0, and if the points (6), (7), (8) are collinear then / = must 
also Ue in this same Sz. Equation (5') is the condition that these five 
points should lie in the same Sz. Conversely if the above five points lie in 
an Sz then d'^Ui can be determined so that the point (8) will lie on the line 
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joining (6) and (7). For if drUi are allowed to vary (8) will generate a 
plane in its and the values of <Pui which will give the point where the line 
joining (6) and (7) cuts this plane will be the values desired. Hence: 

The curves tangent to the elements of the cone (5') are such that their tangents 
have three point contact with Vs- 

If we trace on Vs any curve c the planes conjugate to the tangent lines 
of the curve will envelope a developable* surface. 

This is evident from the fact that the tangent tts's to Fg in points of c, 
admit as envelope a system of W planes. The envelope of this system 
of planes is a system of =o' lines which touch a curve. 

2. Asymptotic Directions.— The oc' directions defined by (5') can be looked 
upon as directions along which the tangent hyperplane irs has higher order 
contact with Vs. In fact along these directions its contains points of Fs 
infinitely near to the second order, since it contains the osculating planes 
to the curves in this direction. Let us now examine if there are directions 
along which ts will have contact of third order, that is the osculating S3 of 
curves in this direction will coincide with ttz. The osculating S3 of a curve 
on Vi passing through a point given by (6) is defined by (6), the points 
(7), (8) and (9) 

Xfiikdu,4ujduk + Z'LfikdUid^Uk + Xfi<Pui = 0. 

If the first three points lie in T3, it is necessary that 

(10) XfidudUk = 

also lies in X3. Writing this in the form 

ifudui + fiidui + fizdu3)dUi + {fudui + f-adui + f23du3)du2 

+ {fudui + fisdui + f33du3)du3 = 0. 

and writing the second term of (9) in the form 

ifiidui + jiidui + fndu3)d^Ui + (fudui + fiidih + Si3du3)d'^U2 
(10') 

+ Uiidui + U^dUi + fasdusjd^us = 0, 

we see that if (10) Ues in tts then d^u, can be so chosen that this latter point 
also will lie in it. Since 'Sfid'Ui = lies in ira, in order for the four points 
to lie in xs, it remains only for 

'Zfijkdudu,4ui: = 
to lie in it. Then we have the condition (5') and 

* A developable surface here used is a surface which has the same tangent plane at every 
point of a line. 
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dXi dXi dXi „ d^Xi 

X\ — — — S 

! dU\ dUi dUz dUidUidUz 



duidu^dui 



I dXi 

: X2 

(") f^ -»■ 

1 

i dX4 

1X4 - — 

dUi 

dXs 
Xs 

■ dUi 

Then the directions along which the osculating S3 to the curve coincides 
with TTi are defined by the values oi dui: du^: dus which satisfy (5') and (11). 
Hence 

Through a point on F3 pass six directions* along which curves can be 
drawn whose osculating S3 coincides with the tangent its at 0. 

We saw that equation (5') expressed the condition that the three in- 
finitely near points (x), (dx), (d-x) should be on the same line, or that the 
points (6), (7), (8) which determine the plane of these three points should 
be on the same line. Equation (11) expresses that the point (9) also lies 
on the same line. For (9) is some point in the plane determined by the 
three points 

'^fijkduidujduk = 0, '^fijduid'hjLj = 0, "^fid^Ui = 0. 

The second and third points he on the line determined by (6), (7), (8) for 
particular values of d^Ui and d^Ui. Then if (9) is to lie on this line, it is 
only necessary to have ^fnkduiduiduk = on the line which condition is 
expressed by equation (11). Hence 

Through each point of a hypersurface pass six directions such that the 
tangent line to curves in this direction has four point contact with the hyper- 
surface. 

* This can also be seen by expanding the coordinates about the point O. The point x+dx 
corresponds to the value u+du of the parameters; then 



X + dx = X + 2, - du + -^'2 -z — I— dutduj + -5 S , 

cu 2 duiouj o ouioujcut 



duidu duk + • ■ 



The tangent hyper-plane contains x+dx to first order infinitesimals and the cone defined by (5') 
to second order and if the tangent hyperplane contains 

2 , , - ~- — duidujduk 
cuioujouk 



it will contain x+dx to third order infinitesimals. 
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These curves form the real generalization of asymptotic curves on a 
surface in ordinary space. 

If we expand equation (5') in terms of dui we have 

(5") Pdul + Qdul + Rdul + 2Ldu,du^ + 2Mdu^dUi + 2Ndu^du^ = 

as the equation of the cone of principal directions where 



P = 



R = 



dX\ dXi dXi d^Xi 
^ dUi dUi dUa dul 

dXi dXi dXi d-Xi 
^^ dUi dUi dUi dul ' 



Q = 



Xi 



dXi dXi dXi d^Xi 



dUi dUi dUz dUi 



_ 1 dXi dXi dXi 

L = iXiT — - — 



d^xi 



M = \Xi 



dXi dXi dXi d^X 



dUi dU2 dUz dUidUs 
This cone will degenerate if 

(12) 



L 
M 



L 
Q 

N 



N = 'Xi 

M\ 

N =0. 

R 



dUi dU2 dUa dUidUi \ 
dXi dXi dXi d^Xi 



dUi dUt dUz dUidUz \ 



Since P, Q, R, ... are functions of the three parameters, usually on V^ 
there is a surface along which the cone (5') will factor. 

3. Special Hypersurfaces.— Let us examine what happens to this cone 
of principal directions for two particular kinds of hypersurfaces: 

(1) A hypersurface generated by oo' planes. In this case the planes 
will all touch a fixed curve. For two consecutive planes will intersect in 
a point and the planes all touch the locus of this point.* 
The equation of the hypersurface can then be written 

(H) Xi = \{Ui) + x;(u,)m2 + M.(«i)w3, 

where the accent indicates differentiation with respect to Mi. From this 
equation it is at once evident that 

Q = 72 = AT = 0, 

but that P, L, M are different from zero. Hence the cone of principal 
directions degenerates into two distinct planes. It is evident that one 
of the planes is the generator passing through the point of contact. The 
equations of the two planes can be written down at once. From (5") 

Pdul + 2Lduidu2 + 2MduidUs = 0. 



* See Segre: Preliminari di una teoria delle varieta luoghi di spazi. Rendicoati di Palermo, 
vol. XXX, p. 87. 
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The two planes then are 

(G) dui = 

(A) Pdui + 2Ldu2 + 2Mdu3 = 0. 

From the first we have at once the equation of the generator 

Ui = const. 

The direction of the line of intersection of these two planes is 

du2 _ M 
duz L 

Substituting the values from (H) in the expression for L and M we have 

L = I X,m1x'iMiK' I Us, 
M = 1 X,X', XiAi,/Xi I Ui. 

Hence the above direction reduces to 

ttj dUi 

«3 ~ dua ' 

This defines the direction of the line in a plane «i = const, joining the point 
(Ui, U3) to the point Ui = 0, «3 = 0. [In the generator which passes through 
the point in question u^, Uz are the non-homogeneous coordinates of the 
points. The point where the generator touches the directrix (the envelope 
of the planes) has coordinates (0, 0).] Hence the line of intersection of 
the generator {G) with (A) always passes through the point where (G) is 
tangent to the directrix, 
(C) Xi = \{{ux). 

If we write the equation of the tangent St at the point (mi, u^, uz) in 
the form 

I XiMjX" + u^[ \[UiXi I = 0, 

we see that if «i is held fixed and u^ : U3 is constant the tangent S3 will be 
the same for the whole Une thus determined. Hence a tangent ^3 to F3 
(locus of 00' planes) is tangent the whole length of a Une passing through 
the intersection of (G) and (C).* 

Then the planes (A) corresponding to points on a line passing through the 
intersections of (G) and (C) form a pencil in the tangent »S3. 

* The pencil of tangent hyperplanes passing through (G) are projective with the pencil of 
lines of contact in (G). This correspondence is an extension of that of Chasles for ruled surfaces 
in S3. This is however only a special case of the correspondence mentioned by Segre, Preliminari 
di una teoria ecc. Rendiconti di Palermo, vol. XXX. 
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(2) If the system consists of the osculating planes of a curve 

(C) Xi = \i{ui), 

then the equation of the V3 becomes 

Xi = \{Ui) + UjXi(u,) + w,X''(t/i)- 

In this case we see at once 

Q = R ^ L = M = N = 0. 

Hence the two planes of principal directions coincide. This hypersurface 
is a hyperdevelopable that is the envelope of 00^ hyperplanes. Consecutive 
planes of the system intersect in a Une. The surface formed by the lines 
of intersection which we will call the singular developable might be com- 
pared to the cuspidal edge of a developable in S3. An S3 will cut V3 in a 
developable and the edge of regression is the cur\^e in which S3 cuts this 
singular developable. 

4. Complement of Conjugate Directions. — To the correspondence between 
the plane of intersection of two consecutive tangent spaces and the line 
joining their points of contact one obtains a complement by considering the 
line of intersection of three successive tangent spaces and the plane 
determined by the three points of tangency.* 

In this way lines in the tangent space T3 at a point are made to cor- 
respond to the planes which pass through 0. This correspondence is (1, 1). 
Some of the properties can be obtained immediately, e. g., to the planes 
passing thrpugh a line t which is tangent to V3 in will correspond the 
lines of the plane p the conjugate of t in the correspondence of section 1. 

In order to obtain the equations of the correspondence, we shall consider 
the tangent cone drawn to V3 from a line of X3. Here a cone means oc' 
planes which have a line in common. Then the osculating planes of the 
curve of contact of V3 with the cone will correspond to the line which 
forms the vertex of the cone. We will take the point (1, 0, 0, 0, 0) as 
and take the hyperplane Xi = as ira. Let the equation of V3 in homoge- 
neous coordinates be 

f(xi, Xi, X3, Xi, Xi) = / = 0. 

The T3 tangent at {xi, X2, X3, Xt, Xs) is 

S/,a-.- = 

(Ji is used for the derivative df/dXi). And if Zs = is to be tangent at the 
point (1, 0, 0, 0, 0) then 

* See Segre: Complementi alia teoria delle tangenti coniugati di una superfioie. Rendieont 
dei Lincei, vol. XVII, p. 405. 
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(13) 



/l = /2 = /S = /4 = 



at this point. Let (yi, 2/2, Us, 2/4, t/j) and (zi, Z2, Zz, z-i, 2^) denote two points 
in X3. The curve of contact of the tangent cone which has the Une joining 
these two points for vertex will be the intersection of the three hypers 

/ = 0, 



(K) 



^yji = 0, 

^Zifi = 0. 



The line of our correspondence is the line joining the points y and z and 
the corresponding plane is the osculating plane of (K) at 0. We shall use 
the Pliicker coordinates for the lines of irz (xs = 0) which are the deter- 
minants of the matrix 

\\yi Vi yz 2/4 I 

(L) il ! 

i I 2l Zi Zz Zi \ 

and which we shall indicate as usual by 

Vik = yi?h — ykZi. 

We shall use as the coordinates of the planes the determinants of the matrix 
of the three points 0, dx/dt, d^xjdf where dxjdt and d^x/dt'^ are deter- 
mined from the equations of (K). (Here it is assumed that t is the param- 
eter in terms of which we have expressed the coordinates of (K)). Now 
as the coordinates of are (1, 0, 0, 0, 0) the coordinates of the planes 
passing through are the three row determinants of the matrix 

10 1 

dxi dxj dxz dxj dxs \ ' 
dt dt dt dt dt \\. 

(fxi ^2 drXz d^Xj d-Xi 1 1 
Thus the coordinates of the planes are 



(P) 



qxk = 



dxj d^Xk 
dt 'W 



dxk d^Xi 
dt 'W 



(i, fc = 2, 3, 4, 5). 



To obtain the equations of the correspondence it is only necessary to find 
the ratio of the values of dx/dt and d'^x/dt^. In order to do this we shall 
make use of the relation 

^Xi = 1, 

which renders the coordinates homogeneous. 
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Then to determine dx we have 



y- = o 






from which we have 

i 1 1 1 1 

I 

! 

fi fa Si fi 

, 2yi/2. • • • • 'Lyifii 

|s2</2< • . . • 2zi/j,- 

and expanding according to the minors of the last two rows, 



dxi 
dt 



= =^2- 2- i ^ \(U-fn)Pii, 

ij=l k, e=2 ,/,.; /., I 



dt 



where m, n are the remaining numbers of 2, 3, 4, 5 after k, I are chosen. The 
other derivatives can now be written down from symmetry 



dt 



i^4 *^5|/it /,.i 



* = * r ^ r I 



(/». - fn)Pii, 



where the letter h written in front of the second summation sign indicates 

that from the sequence 1, 2, 3, 4, 5 the number h is to be omitted. As 

above m, n are the remaining numbers of 1, 2, 3, 4, 5 after h, k, I are chosen. 

The expressions for d^x/dt^ can be obtained at once by differentiating. 

They are 

/a. /'* ! dx. 

:(^.-/n)pa-^ 

./»!' ./ )! i 



JO/v. «=5t,.)=5 *, ;=5 



e=Bt,j=i i, J=s|ft f -u. 



(/«. -f'')pik-^ 






d< 



Now making use of relations (13) we see that 

dXi, 



dt 



= 0, 



smce 
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2f — = 



Then the expressions for the derivatives become 



dx. 



hj 



i=4 i^lfik fjk\ 



and 

^2™, •1=8 i. J=* *. l=> 

dl a=l i,J=l l:,l=l 



:fik> fjkl \fik //*« i :fik J ik\ 



\ fiU fil I : fu fits 



/s + : (/ms ~/ns) 



dx. 



From these values the coordinates g.* of the osculating planes can be 
calculated and we see at once that the correspondence is cubic. 

5. Proceeding with the correspondence between the lines p., of ts and 
the planes qik passing through 0, let us take and three successive points of 
a curve passing through and draw the four tangent spaces to Vz at these 
points and put in the condition that the four points lie in the same plane 
Qik and that the four tangent hyperplanes intersect in the same line pa of 
TTs. In this case the curve of contact of the cone circumscribed to V3 with 
the line p.-, for vertex will have the plane g^ for hyperosculating plane. 

Then the four points 

dx d^x d^x 



^' At 



dt ' dt^ ' df ' 
will be connected by a Unear relation 

which will require the vanishing of two four row determinants of the matrix 

;' dx_ ^x_ (fix_ \ 
^ dt df dt^ ' 

From the expression for d-xjdP it is at once seen that d^x/dt^ is of order three 
in the line coordinates p., and hence the determinants of the above matrix 
are of order six in p<,. Therefore: There is a congruence of lines of order 
36 in T3 siich that any tangent cone having one of these lines for vertex will have 
a hyperosculating plane at the point of tangency of the irs. 

By the same method of reasoning it is easily seen that in ^3 there are 
6^-7^ lines such that the curves of contact of the tangent cones drawn to 
Vi from these lines has in a plane which has contact of order four, that is 
and four successive points lie in one plane. 
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6. Hypersurfaces in S„. — The preceding discussions can be applied to 
V„-i in Sn without change. The lines passing through a point of F„_i 
which have three point contact with F„_i form a quadric cone in the 
tangent S„-i. This cone is the cone of united elements of the correspond- 
ence formed by taking the line joining two successive points of V3 and 
making it correspond to the S„_2 of intersection of the tangent spaces 
to F3 at those points. An *S„_2 passing through (and tangent to V3) 
and its corresponding line are polar reciprocals w^ith respect to the above 
cone. The osculating plane to the curves in the direction of the elements 
of the cone will lie in the tangent S„-i at 0. The directions along which 
the osculating S3 of the curve lies in the tangent /S„_i form a cone of order 
3 and dimensions n — 3. The elements have four-point contact with 
Vn-i- The directions along which the osculating St to the curve lies in 
in the tangent *Sn-i form a cone of order |j4 and dimensions n — 4 and 
the elements have five-point contact with F„_i, etc. Finally there are 
n — 1 directions such that the osculating S„-i to the curves will coincide 
with the tangent S„-i. These directions have (n — l)-point contact with 
F„_i and form a generalization of asymptotic directions. 

If we consider the curves on y„_i which pass through and take the 

tangent spaces S„-i at three successive points and the plane which contains 

the three points then we establish a (1, 1) correspondence between the 

planes passing through and the spaces Sn-3 contained in the tangent 

/Sn-i to V3 at 0. The correspondence is cubic as in S4. There are 00"-^ 

(Sn-s's such that the curve of intersection of the tangent cone drawn to V3 

from them has in a hyperosculating plane. These Sn-3's form an (n — 2) 

parameter family of order 6"~^ In the tangent Sn-i there are 6"~^-7"~^ 

iS„_3's such that the tangent cone to V3 from one of them will be tangent 

along a curve which has in a plane which has fourth order contact. 

Massachusetts Institute op Technology, 
November 14, 1910. 



